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9209-501 Mathematical Formula booklet

Candidates should refer to this 501 formula booklet throughout the course and become familiar
with it. Candidates will need to use a clean copy of this document for the 9205-501 exam and for
the sample questions.

The online version of the full Mathematical handbook can be found at
http://homepage.ntu.edu.tw/—wttsai/MathModel/Mathematical%20Formula%20Handboo
K.pdf

(Please note we have extracted formula which is relevant to this unit. The full online version is not
required.)
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Series

Arithmetic and Geometric progressions

n
AP S,,:ﬂ+{a+d)+(a+2d)+---+[a+(u«-l}d]=E[2a+(n-1}d]
2 n-1 1= a
GP S,=a+ar+ar +---+ar =il Sm=ﬁ for |r| <1

(These results also hold for complex series.)

Binomial expansion

(n— l}xz A nin—-1)(n- 2]x3 +

- n
(1+x)'=1+nx+ T 3

. G . . — - n
If 1 is a positive integer the series terminates and is valid for all x: the term in x" is "C.x" or (r) where "C, =
n!
riin—r)!
n objects without replacement. When n is not a positive integer, the series does not terminate: the infinite series is
convergent for |x| < 1.

is the number of different ways in which an unordered sample of r objects can be selected from a set of

Taylor and Maclaurin Series

If y(x) is well-behaved in the vicinity of x = a then it has a Taylor series,
dy  w*d%y u*dy

y(x)=yla+u) zy(a}+u$+ia? a—lﬁﬁ-
where 1 = x — a and the differential coefficients are evaluated at x = a. A Maclaurin series is a Taylor series with
a=0,

dy *dly dy
= 0 == g - — “ea
YO =yO) + g+ ot arae

Power series with real variables

x? Xt 5
e* :1+.\'+:+---+-—+"' valid for all x
2! n!
2?2 x g :
ln[l+x]=x—?+?+w+(—l) i valid for -1 <x <1
ei.\r +e ~ix xz J."" _1,6 .
cos X = 1- ol - T +ooen valid for all values of x
. el.t_e—i.'l' “-3 x5 P
sinx =—= X- 3 - FH valid for all values of x
Tog g . n m
tanx _x+§x +ﬁx +oe vahdfor—5<x<5
x3 xS
tan 'x :x—?+?—--- valid for—1 <x <1
12 135
. l s ol ol . 14
sin”'x +23+2. : validfor-1<x <1



Integer series

< N(N+1
Yon il epije TOLEL

1 2

S ) 3 N(N N

Z:f2=1*+22+3-+~-+N2=—( +12(2 +1)

1

N 2 2
SH =14+ B 434 kN =[14+243 4. Np= NN F) (N4+‘)

1

m(_l)u-l 1 1 1 '

; se—gilegamgdiisind [see expansion of In(1 + x)]
oo (_1)!:1‘-1 y 1.4 1 o ‘ B
;2;;-1 _1_§+§_§+ =% [see expansion of tan ' x]
§l~1+l+l+ " 1.2

s A R T 6

N

Ya(n+1)(n+2) =123+234+---+N(N+1)(N+2) = N(N“)(N; 2)(N+3)

1

This last result is a special case of the more general formula,

N N(N+1)(N+2)...(N+r)(N+r+1)

;n{n—kl){n—FZ)...(n+r): ) .




Vector Algebra

If i, j, k are orthonormal vectors and A = Axi + Ayj + A:zk then [A]* = A} + A} + AZ [Orthonormal vectors =
orthogonal unit vectors.]

Scalar product

A-B=|A||B|cosé where 6 is the angle between the vectors

B,
= AyBy + A B, + A;B, = [ AAA:] [B_.,l
B:

Scalar multiplication is commutative: A - B = B - A.

Equation of a line

A point r = (x, ¥, z) lies on a line passing through a point a and parallel to vector b if
r=a+Ab
with A a real number.

Equation of a plane
A point r = (x, y, z) is on a plane if either

(a)r-d = |d|, where d is the normal from the origin to the plane, or

X

(b) = + % - oci 1 where X, Y, Z are the intercepts on the axes.

oo
N v

Vector product

Ax B = n|A||B|sin@, where 8is the angle between the vectors and n is a unit vector normal to the plane containing
A and B in the direction for which A, B, n form a right-handed set of axes.

A % B in determinant form A x B in matrix form
- 0 -A; Ay By
AI AQ A: AZ 0 _AI Blf
B, By, B -A, Ay 0 B.

Vector multiplication is not commutative: A x B= —B x A.



Matrix Algebra

Unit matrices

The unit matrix I of order n is a square matrix with all diagonal elements equal to one and all off-diagonal elements
zero, ie., (I);; = &;. If A is a square matrix of order n, then Al = JA = A. Also I = | it
I is sometimes written as I, if the order needs to be stated explicitly.

Products

If Aisa (n x 1) matrix and Bis a (I x m) then the product AB is defined by

|
(AB)” — z A:kBk;
k=1

In general AB # BA.

Transpose matrices

If A is a matrix, then transpose matrix AT is such that (AT),-,- = (A)ji.

Inverse matrices

If A is a square matrix with non-zero determinant, then its inverse A 'issuchthat AA"' = A 'A =1
transpose of cofactor of A;;
|A]
where the cofactor of A;; is (—1)""/ times the determinant of the matrix A with the j-th row and i-th column deleted.

(A_I)l,!:

Determinants

If A is a square matrix then the determinant of A, |A| (= det A) is defined by

|A] = Z €ijk.. A1 A Ask ...
i1k,

where the number of the suffixes is equal to the order of the matrix.

2«2 matrices

a b
IfA= (.f d) then,

L N T_fa c [_L d —b
|A| = ad — be Aﬁ.(b d) A _IAI(—C ﬂ)

Product rules
(AB...N)T =NT...BTAT
(AB...N)'=N"'...B7'A™! (if individual inverses exist)
|AB...N| = |A||B|...|N]| (if individual matrices are square)

Orthogonal matrices

An orthogonal matrix Q is a square matrix whose columns ¢; form a set of orthonormal vectors. For any orthogonal
matrix Q,

Q'=Q", |Q==1 QTisalsoorthogonal.

Solving sets of linear simultaneous equations

If A is square then Ax = b has a unique solution x = A 'bif A" exists, i.e., if |A| # 0.

If A is square then Ax = 0 has a non-trivial solution if and only if |[A| = 0.

An over-constrained set of equations Ax = b is one in which A has m rows and n columns, where m (the number
of equations) is greater than n (the number of variables). The best solution x (in the sense that it minimizes the
error |Ax — b)) is the solution of the n equations ATAx = ATb. If the columns of A are orthonormal vectors then
x=ATb.



Eigenvalues and eigenvectors

The n eigenvalues A; and eigenvectors u; of an n x n matrix A are the solutions of the equation Au = Au. The
eigenvalues are the zeros of the polynomial of degree 1, Py(A) = |A — Al|. If A is Hermitian then the eigenvalues
A; are real and the eigenvectors 1; are mutually orthogonal. [A — AI| = 01is called the characteristic equation of the
matrix A.

A=Y A, also|A|=]]M\
i i

If § is a symmetric matrix, A is the diagonal matrix whose diagonal elements are the eigenvalues of S, and U is the
matrix whose columns are the normalized eigenvectors of A, then

u'su=A and S=UAU".

If x is an approximation to an eigenvector of A then x" Ax/(x"x) (Rayleigh’s quotient) is an approximation to the
corresponding eigenvalue.

Commutators
[A,B] =AB-BA
[AB]  =-[BA]
a8t =8t af|

[A+B,C]=[A,C]+[B,C|
[AB,C] =A[B,C]+[A,C|B
1A, [B,C1) + [B,[C, ]| + [C,[4, B]] =0



Vector Calculus

Notation

¢ is a scalar function of a set of position coordinates. In Cartesian coordinates z
¢ = ¢(x,y,z); in cylindrical polar coordinates ¢ = ¢(p, @, z); in spherical

polar coordinates ¢ = ¢(r, 6, ¢); in cases with radial symmetry ¢ = @(r). S
A is a vector function whose components are scalar functions of the position
coordinates: in Cartesian coordinates A = iA; + jA, +kA;, where A;, A}, A.
are independent functions of x, v, z. ' '

P T
Jdx
* s pacans el A Lo B Rl 8
In Cartesian coordinates V (‘del’) =iz +;5+!\$= 3y

dJ
) /%"/“px
grad¢=V¢, di\-’A:V‘A’ curl A=V xA A i i e

Identities
grad(¢y + @) = grad ¢y + grad ¢» div(A; + Ay) =divA; +div A,
grad(¢n¢z) = ¢y grad 2 + ¢y grad ¢y
curl(A, + A;) = curl Ay + curl A
div(pA) = pdivA + (grad ) - A, curl(pA) = ¢pcurl A + (gradp) x A
div(A; x A2) = Az -curl Ay — Ay - curl A,
curl(A; x A2) = A1 div Az — Azdiv Ay + (A2 -grad) Ay — (A; - grad)Az
div(curlA) =0, curl(grad¢) =0
curl(curl A) = grad(divA) — div(grad A) = grad(div A) — V?A
grad(A; - A2) = A1 x (curl A2) + (A1 - grad)A2 + Az x (curl Ay) + (A2 - grad)A,



Grad, Div, Curl and the Laplacian

Cartesian Coordinates

Cylindrical Coordinates

Spherical Coordinates

x=rcos@sind y=rsing@sind

Conversion to
Cartesian x=pcosgp y=psing z=z i
Coordinates Roroosd
Vector A Agi+ Ayj+ Ak AP+ A+ A2 AF+ Agb + A
. Ap. . o, . 19p. .. . 1~ 1 .-
Grad:entV:b EI+EJ+$R $p+ .(—)%q)-o-—zz §f+;¥0 _rsmﬂﬁw
1 9(r*Ar) 1 JAgsinf
Divergence 9A;  dAy 94 19(e4,) | 194,  94: 7 o rsin@ 00
V-A dx dy oz p dp p do oz 1 24,
+—> RIS,
rsin@ dg
3 1. = 11a 1 . 1 - 1
i k = -z & A 3 =
] 5 P A Zeng rsin8.  r?
i dp d¢ oz ar 28 p
Az Ay As A, pA, A: Ar rAg  rAgsing
1.9 (rza—q’) e 4 (sinﬂa—¢)
Laplacian ¢ ﬁ 3,2_4, 19 (pa_d’) ” laz[p o Pp | Por ar risinf 08 a6
Vi FISE al pdp \"dp)  pPap’ a2t 1 &
r* sin® 8 dp*




Complex Variables

Complex numbers

The complex number z = x + iy = r(cos8 + isin8) = re'®*#%, where i* = —1 and n is an arbitrary integer. The

real quantity r is the modulus of z and the angle 8 is the argument of z. The complex conjugate of zisz* = x —iy =
2

r(cos@—ising) =re ¥, zz" = |z]’ =x* +¢?

De Moivre’s theorem

(cos@ +isin8)" = e’ = cosnd +isinnd

Power series for complex variables.

: £ z*
e® =1_:,_Z+F+..._;,_“_l+... convergent for all finite z
“.'3 "‘5 .
sin z =z- ;—' + ‘; - convergent for all finite z
2 A
cosz =1- ;_r - ;7 — convergent for all finite z
2
ln(‘l+z)=z——2~ "g— principal value of In(1 + z)
This last series converges both on and within the circle |z| = 1 except at the point z = —1.
. 23 75
tan"z =z—-——4+—-—---
an 3 + 5

This last series converges both on and within the circle |z| = 1 except at the points z = =*i.

A+2)" =1+nz+ u(nz!— I)z2 i nin— 13)!{11 - 2}23 b e

This last series converges both on and within the circle |z| = 1 except at the point z = —1.

10



Trigonometric Formulae

cos?A +sinA=1

sin2A = 2sin Acos A

sin(A £ B) =sin Acos B = cos AsinB

cos(A £ B) = cos Acos B Fsin Asin B

tan A =tanB
Ba(ALB)= 1Ftan Atan B

sinA +sinB = 2sin > cos 3
sinA —sinB = 2cosA+BsinA_B

2 74
cosA +cosB = 2cosA+BcosA;B
A+B A-B

cos A —cosB = —2sin ; sin 3

sec? A —tan’A =1

cos2A = cos? A —sin’ A tan2A =

cosec? A —cot? A =1
2tan A
1—tan*A’

cos(A + B) +cos(A — B)

cos AcosB = p
ik g cos(A — B) — cos(A + B)
2
e - sin(A + B) ;— sin(A — B)
. 1+ cos2A
2
A = 1—cos2A
2
cos® A = 3cos A + cos3A
4
TR 3sinA;sin3A

Relations between sides and angles of any plane triangle

In a plane triangle with angles A, B, and C and sides opposite a, b, and c respectively,

a b ¢
sinA  sinB  sinC
a* =b* +c* —2bccos A

a=>bcosC+ccosB

P4+t —at

=
A—-B a-b C
tan = cot —

2. b 2

: |
area = EabsinC = %bcsinA — lf.r:s;inB —

2

= diameter of circumscribed circle.

\/s(s —a)(s="b)(s—c),

wheres = —(a+b+¢)

R =

11



Hyperbolic Functions

" < ;
coshx_z(e‘+e )_1+2!+4!+ valid for all x
. 1 = v 5
smhx:i{e’—e ‘)=.t+§+§+--- valid for all x
coshix = cosx cosix = coshx
sinhix = isinx sinix = isinhx
tanhx = St ¢ sechx = #
coshx coshx
cothx = C?th cosechx = — 1
sinh x sinhx
cosh?x — sinh®x =1
For large positive x:
X
coshx ~ sinhx — %
e L tanhx — 1
x For large negative x:
— R e e x
coshx = —sinhx — 5
ainhis tanhx — —1
Relations of the functions
sinhx = —sinh(—x) sechx = sech(—x)
coshx = cosh(—x) cosech x = — cosech(—x)
tanhx = —tanh(-x) cothx = —coth(—x)
. 2tanh (x/2 tanh 1+ tanh? (x/2 1
sinhx = enli(x/d) — coshx = anh 59) o

—— Y= tanh_‘{ {xfz} i Jl e tanhz_r 5 1- tanh3 (\’H'rzl B \/1 = tanhzx

tanhx = /1 —sech®x sechx =4/1- tanh’ x
cothr =1/ cosech’x +1 cosechx = \/cothz,\' -1

sinh(x/2) = H“’S"fx—’ cosh(x/2) = fcosh;+l

coshx —1 sinh x
SEnhehi2) = sinhx  coshx+1
sinh(2x) = 2sinhx coshx tanh(2x) = Lﬂh:
1 +tanh™x
cosh(2x) = cosh?x + sinh? x = 2cosh’x — 1 = 1 + 2sinh?x
sinh(3x) = 3sinhx + 4sinh®x cosh3x = 4cosh® x — 3coshx

3tanhx + tanh® x

tanh(3x) = 1+ 3tanhx

12



sinh(x = y) = sinh x cosh y = coshxsinh y

cosh(x £ y) = coshxcoshy = sinhxsinhy
tanhx = tanh y

tanh(x £ y) = 1 =tanhxtanhy

sinh x 4+ sinh y = 2sinh %(.\‘ + y) cosh %(x -y)
sinhx — sinh y = 2 cosh %(x + y) sinh %(x -¥y)

1+tanh (x/2) .,
1 Ttanh(x/2) ~
sinh(x £ y)
coshxcoshy
sinh(x £ y)
sinhxsinhy

sinhx + coshx =
tanhx £ tanhy =

cothx £ cothy =+

Inverse functions

sinh ! 2= In (x+
a

x2 +a?
a

a

tanh_1£=lln (a+x)
a 2 a—x

coth_1£=1! (.r+a)
a 2 xX—a

coshx 4 coshy = 2cosh %(x +vy) cosh%[x -y)

coshx — cosh y = 2sinh %(x + y) sinh %{x -y

for —co < x < o0

forx>a

for x* < a®

for x2 > a?

forO<x<a

forx#0

13



Limits

n‘x" — 0asn — ooif [x| < 1 (any fixed c)
x"/n! — 0asn — oo (any fixed x)

(1+x/n)" — e*asn — oo, xInx — 0asx — 0

) fla)
If f(a) =g(a)=0 then !{Lmﬁ 2@ = (@) (I'Hopital’s rule)

14



Differentiation

, . y uy'  w'v—uv'
(uv) =u'v+uv, —) = —
v

v
(uo)™ = My 4 pu*-Vp) ... L 1Cu M) 4 ... 4 ypM Leibniz Theorem
e (%Y n!
WhER (r) T ri(n—r)

d d ..

a-;[smx} = CosX a-‘:{smhx) = coshx

i[o:c:s x) = —sinx i{coshx) =sinhx

dx - dx -

2 d 2

a(tanx} =secx a{tanhx} =sech”x

c%{secx) =secxtanx %(sechx) = —sechxtanhx

-Ei-[cot.r} = —cosec’ x -c-l-(coth:r] = —cosech®x

dx dx

d d
a(“*‘ X) = —cosec xcotx a{cosech x) = — cosechx cothx

15



Integration

Standard forms

[x"d.r: i +c forn # —1
! n+1

[%dx =Inx+c¢ flnxd:c =x(Inx-1)+¢

[enxdx :le‘"—hf [xe“dxze'"(i—lq)—kc

. a ; a a*

x? 1
[xlnx dx = 5 (ln:r - 5) +c

[te = ()=

1 1 a4 fx 1 a+x .
j—“__x_dx _-Etanh (E)+c_ﬂln(ﬂ_x)+c forx* <a
1 1 -1 X 1 X—a 7 .
-/XZ—HZ dx =_EC0th (;)+c=2—n-]n(x+a)+f for¥® >a
x -1 1
N f
[ (tl iﬂz)u dx 2 =1) (:cl:i:az]"" +c orn #1

x B o
/mdx _Eln(x +a*)+c
— a1 %
dx = sin (a)+c
1
—————dx=In(x+Vx2xa?) +c
.[‘#xliﬂl ( )

/\/ﬂdx — % [:r a2 — x2 + a* sin”! (E)] +c

1

16



o 1
/'; mdr-ﬂcosecpﬂ forp <1

[ cos(@yax = [sin(x?) dx=1,/7

[m exp(—x%/2¢%) dx = 0v/2n

0 5 1x3x5x---(n—1)c""'V2n forn > 2 and even
[ x"exp(—x*/20") dx =
e 0 forn > 1and odd
[sinxdt = —cosx+¢ [sinhxdx = coshx +¢
fr:osxdx =sinx +c¢ /coshxdx =sinhx +¢
[tan.'r dvr = —In(cosx)+c¢ /tanhxdx = In(coshx) +¢
[r:oaecx dx = In(cosecx — cotx) +¢ /cor.echx dx = In[tanh(x/2)] + ¢
[sec.‘cd.t = In(secx +tanx) +¢ [sechxdx =2tan"'(e") +¢
[r:otx dx =In(sinx)+c¢ /coth.\' dx =In(sinhx)+¢

g ; _sin(m —n)x  sin(m 4+ n)x g 2
[ sinmxsinnx dx = 2m—n)  2(m+n) +c ifm=#n
sin(m —n)x  sin(m +n)x

2(m—n) 2(m +n)

if m® # n?

[ cosmxcosnx dx =

Standard substitutions

If the integrand is a function of: substitute:
(e — x?) or Va2 — 22 x =asinf or x = acosd
(x> +a%) or Va2 +a? x =atanBorx = asinh@
(x* —a®) or Va2 — @2 x =asecBorx =acoshf

If the integrand is a rational function of sin x or cosx or both, substitute t = tan(x/2) and use the results:

1-# 2dt
: cosxy = 5 dx = 5
1+t 1+t 1+t

sinxy =

If the integrand is of the form:  substitute:

dx -2

J (ax +b)\/px +q PEFU=R
[ dx 1
ax +b=-—.

: (a.t+b)\/px3+qx+r ¢

17



Integration by parts

b b
[ udv=uv| — / vdu
a Ja

Differentiation of an integral

b

If f(x, &) is a function of x containing a parameter & and the limits of integration a and b are functions of & then

d =) db da bla) g
s i F@) dx=fO0 5 ~ flaa)ge+ [ S a)dx

Special case,

d rx
3 | Fw) dy = f(x).
Dirac - function’
Mt—1)= 21—_” :: expliw(t — 7)] dw.

If f(t) is an arbitrary function of t then /:g; 8(t —)f(t) dt = f(7).

5(t) = 0if t # 0, also [m 5(t)dt =1
Reduction formulae

Factorials

nl=nn-1)(n-2)...1, 0l=1.

Stirling’s formula for large n:  In(n!) = nlnn —n.

Forany p > -1, /m e tdx=p [m xPle ™ dx = pl. (=) =vm (V) = VA et
Jo J0

F 1 [ ?(1-x)4d Py’
oranyp,q>—,./(; xF(1-x) .\‘_m.
Trigonometrical
If m, n are integers,
e i W o B n—1 "2 2
[ sin™@ cos"0do == [ sin" 20 cos"6 do = [ sin"6 cos™ 26 do
Jo m-+nJjo m+nJjo
and can therefore be reduced eventually to one of the following integrals
/2 1 -1t/2 /2 /2 -
[ sinécosede=2,  [“snede=1 [ ‘cosede=1, [ do=7.
Jo 2 Jo Jo Jo 2

Other

ols <] s
m,,:/u ¥ exp(—ax?) dx  then f,,=(”2“”1,,_1, 10=1‘/§, ey

18



Differential Equations

Diffusion (conduction) equation

Wave Equation

) 19%Y
Vip = ——
v c? ot

Bessel’s equation

d1 d

solutions of which are Bessel functions [,,(x) of order m.

(x> =m*)y =0,

Series form of Bessel functions of the first kind

(=1)*(x/2)"*2

Ju(x Z Kl(m £ 10! (integer m).

The same general form holds for non-integer m > 0.

19



Laplace’s equation
Viu=0
If expressed in two-dimensional polar coordinates (see section 4), a solution is

u(p, ¢) = [Ap" + Bp™"|[Cexp(ing) + D exp(—ing)]
where A, B, C, D are constants and n is a real integer.

If expressed in three-dimensional polar coordinates (see section 4) a solution is
u(r,8,9) = [Ar + Br- V| p" [Csinmp + D cosmg)|

where [ and m are integers with | > |m| > 0; A, B, C, D are constants;

d |m]
m — cinlml
P/"(cosf) = sin™' @ [—d(cosﬂ)] P;(cos8)
is the associated Legendre polynomial.

P(1)=1.
If expressed in cylindrical polar coordinates (see section 4), a solution is

u(p, ¢,z) = Jm(np)[A cosme + Bsinme| [Cexp(nz) + Dexp(—nz)]
where m and n are integers; A, B, C, D are constants.

20



Functions of Several Variables

d
If¢p = f(x,yz...) then —¢ implies differentiation with respect to x keeping y, z, ... constant.

dx
dd:_—‘b ‘bd +—dv+ - and égb&”% a‘béy—i— d’ z 4

By Jz
I " 3_:1:

where x,y,z,... are independent variables. % is also written as (E)
Y.

when the variables kept

constant need to be stated explicitly.

2 2
If ¢» is a well-behaved function then i . = i etc
dxdy  dydx
If$ = f(x,y),
3, 3),5),3).=
dx _,_(a_x)' ox ), \dy/s\ob /),
o ’

Taylor series for two variables

If ¢(x, y) is well-behaved in the vicinity of x = a, y = b then it has a Taylor series

$(x,y)=dla+ub+v)=¢ab)+ ﬂ% -+ va—‘p - 1 (u 3;¢ -+ 2uv ;—g; + ’3;)

where x = a + u, y = b + v and the differential coefficients are evaluated atx =a, y=2»b

Stationary points
. _ ; ; dp _ dp i Py ¢ :
A function ¢ = f(x, y) has a stationary point when o= 5; = 0. Unless 7 3 =Wy 0, the following
conditions determine whether it is a minimum, a maximum or a saddle point.
w 3¢ B
M : 0: 2% 0: 2 2
inimum: py: >0, or P > . 36 7o 26
26 e o wEn Yy
Maximum: — <0, or ¥ <0, Sl TR
ax* dy”
. Pede (P
Saddle pOII“. 'a—x'f'a—y? (W)

82¢ _de_ I

81- 31;' ﬁ = 0 the character of the turning point is determined by the next higher derivative.

Changing variables: the chain rule

If¢ = f(x, y,...) and the variables x, y, .. . are functions of independent variables u, v, ... then
dp _dpdx  dPdy
™ = wm oy

20 _ a2y
do ~ dxdv  dydv

etc.
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Changing variables in surface and volume integrals — Jacobians

If an area A in the x, y plane maps into an area A’ in the u, v plane then

a o
) ’ du  dv
dx dy = v)]dud Ty =
[ axay= [ o auso whes 1|2 %
du  dv
. ) : d(x, y) ) g .
The Jacobian | is also written as it 5) The corresponding formula for volume integrals is
ox dx ox
du dv Jw
/ f(x,y,z)dxdydz = [ f(u,v,w)] du do dw where now Jo= 9 9 9%
il : Sy du dv dw
dz oz 4
du dv Jw
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Fourier Series and Transforms

Fourier series

If y(x) is a function defined in the range —m < x < mthen

M M
y(x) mco+ Y, cmcosmx + Y sysinmx
m=1 m=1

where the coefficients are
1 n
0= ¥ dx

_l/‘" ) e (m=1,...,M
f.'m—ﬁl_ﬂy(.l cosmx dx m=1,..., M)

1 T
Sm = ;[ y(x) sinmx dx (m=1,...,M)

with convergence to y(x) as M, M' — oo for all points where y(x) is continuous.

Fourier series for other ranges

Variable f, range 0 < t < T, (i.e., a periodic function of time with period T, frequency w = 2n/T).
y(t) = co+ Y cpcosmat + Y sy sinmewt
where
w
~on.
Variable x,range 0 < x < L,
2mnx

T aw o )
Co /ny(!]dt, cm—?./(; y(t) cosmwt dt, sm—;./—u y(t) sinmet dt.

2mmx

+ Y s sin

y(x) = co+ Y cmcos

where

2m

2mmx ‘L X
/ y(x) sin dx.
0" L

1 L 2 sL
UB:E./(; y(x) dx, cm:f./;. y(x) cos i dx, sp=

=l
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Fourier series for odd and even functions

If y(x) is an odd (anti-symmetric) function [ie., y(—x) = —y(x)] defined in the range —m < x < =, then only
sines are required in the Fourier series and s, = % /‘; i y(x)sinmx dx. If, in addition, y(x) is symmetric about
x = m/2, then the coefficients sy, are given by s,, = 0 (for m even), s,, = % /; 5 y(x)sinmx dx (for m odd). If
y(x) is an even (symmetric) function [ie., y(—x) = y(x)] defined in the range —m < x < m, then only constant
and cosine terms are required in the Fourier series and co = %[ﬂn y(x) dx, om = %foﬂ y(x)cosmx dx. If, in

T
addition, y(x) is anti-symmetric about x = 7 then co = 0 and the coefficients ¢y are given by ¢ = 0 (for m even),

4 nf2
om = [ y(x) cosmx dx (for m odd).
Jo
[These results also apply to Fourier series with more general ranges provided appropriate changes are made to the
limits of integration.]
Complex form of Fourier series

If y(x) is a function defined in the range —7t < x < wthen
y(x) = ic . Ey= 1 [“ (x)e ™ dx
! 2, Cne™, Cu=gn | ¥C :

with m taking all integer values in the range =M. This approximation converges to y(x) as M — oo under the same
conditions as the real form.

For other ranges the formulae are:
Variable f, range 0 < t < T, frequency w = 27/T,

oo - w T
y(ﬂ:écme‘"’“', Cm:ﬁ.n

y('f) e--imm dt
Variable x’, range 0 < x' < L,

oo . L " "
_I,f(.'(') = Z Ca e:ln‘m)".-"!.’ Cp = % [ y(f) E--len.l’,rl, dv’.
e Jo

Discrete Fourier series

If y(x) is a function defined in the range —m < x < m which is sampled in the 2N equally spaced points x, =
nx/N [n=—(N-1)...N], then

y(xy) = co+c1cosxy +cac082xy + -+ -+ cy_1c0s(N — 1)x, + cycosNxy
+spsinx, +s38in2x, + -+« +sy_gsin(N — 1)x, +sysinNx,
where the c?efﬁcients are

Co = m Zy(xn)

Cm =%Zy(x..)cosmx,, (m=1,...,N-1)
1

o = Y y(x) cos Nx,

s,.=lﬁz‘u(x,.)sinmx,, (m=1,...,N=1)
1 :

SN =3 Y y(xy) sin Nx,

each summation being over the 2N sampling points x;,.
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Fourier transforms
If y(x) is a function defined in the range —co < x < oo then the Fourier transform ¥(w) is defined by the equations
A o™ iwt st = [ it

v =5 [ Fwedo, i) = [ yneat

If w is replaced by 27tf, where f is the frequency, this relationship becomes
il i2m -~ il —i2m

v =[ 3O G = [y ar

If y(t) is symmetric about f = 0 then
i 0T
y(t) = 5./; y(w) cos wt dw, ylw)=2 [ y(t) cos wt dt.

If y(t) is anti-symmetric about { = 0 then

1 0 - 00 :
y(t) == [ y(w)sinwt dw, Y(w)=2 / y(t)sin wt dt.

mJo JO

Specific cases
Y ¥
a
.= N VS
- + N 4
y(t) z S’ I:I § :} (“Top Hat'), Y(w)=2a SO _ 2ar sinc(wT)
where sinc(x) = %[x)

A

yit) =all - /). |t < } (“Saw-tooth’), =
=0, [t | y "1'
v
y(t) = exp(—t2/13) (Gaussian), Y(w) = fDﬁQXP (—w?t/4)
y(t) = f(t) e (modulated function), H(w) = flw—wy)
y(t) = i 8(t —mt) (sampling function) Y(w) = i S(w —2mn /1)



Convolution theorem

If2(f) = /Zx{’r)y{f—’r) dr = [m 2(t—T)y(r)dr =x(f)*y(t) then Z(w) = F(w) ¥(w).

Conversely, Xy = X * V.
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Laplace Transforms

If y(t) is a function defined for t > 0, the Laplace transform ¥(s) is defined by the equation

00
0

) = L{yM} = [ e ()t

Transform ¥(s)

Function y(t) (t > 0)
(1) 1 Delta function
1
a(t) = Unit step function
n!
¢ ==
1 T o
= 2 \/s__3
rl*'.- ﬁ
s
_‘" 1
s (s+a)
. w
sin wt E+a
coswi 2
w
(s + w?)
sinh wt & wwi}
s
cosh wt =)
e Ty(t Yyis+a
“y(t) (s +a)
yt—7)0(t —7) e (s)
dy
ty(t) ==
dy i
e s7(s) - ¥(0)
dny " n-1 n—-2 dy d"_]y
T s"y(s) —s"""y(0) —s atl, T larT,
¢ V(s
[ y(=) ar )
Jo s
-t
/ x(t) y(t—7)dr
e X(s) (s) Convolution theorem

I/‘: x(t—7) y(r)dr

[Note that if y(t) = 0 for t < 0 then the Fourier transform of y(f) is ¥(w) = T(iw).]
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Numerical Analysis

Finding the zeros of equations

If the equation is y = f(x) and x,, is an approximation to the root then either

Xy
Xpi1 = Xp — )}:’{(J.'..)}' (Newton)
Xn — Xn- : i :
Orf, Xpi1 = Xp — m flxn) (Linear interpolation)
are, in general, better approximations.
Numerical integration of differential equations
dy
If e f(x,y) then
Yns1 = Yn +hf(xn, yy) whereh =x,.1 —x, (Euler method)
Putting  yp.q = yn +0f(xn, yn) (improved Euler method)
then w1 =yn+ hlf (xn. yn) T;(“—"‘h Ynir)]

Numerical evaluation of definite integrals
Trapezoidal rule

The interval of integration is divided into 1 equal sub-intervals, each of width k; then
b 1 1
/H flx)dx=h [cif(a) +f(x)+---F flx)+---+ Ef(b)
whereh = (b — a)/nand x; = a + jh.

Simpson's rule

The interval of integration is divided into an even number (say 21) of equal sub-intervals, each of width h =
(b —a)/2n; then

/ubf(x) dx = gU(ﬂ) +4f (x1) + 2f (x2) + 4f (x3) + - - + 2f (xan-2) + 4f (x2a—1) + f(D)]

Gauss's integration formulae

1 1
These have the general form / y(x) dx = Y ciy(xi)
J ;

Forn =2: x; =%0-5773; ¢ =1,1 (exact for any cubic).
Forn=3: x; = —0-7746,0-0,0-7746;, ¢; =0-555,0-888, 0-555 (exact for any quintic).
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